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\\( SUMMARY

New error bounds are developed for the Liouville-

Green approximation to the solution of an important class
of differential equations arising in military operations
research (specifically, variable-~coefficient Lanchester-
type equations of modern warfare for combat betweeﬂ two
homogeneous forces). In contrast to many previous re-
sults, our error bounds apply to initial-value problems
and are expressed in terms of initial conditions.‘ Previous
error bounds for boundary-value problems are anrpened as
a consequence of our development of these new error bounds
for initial-value problems. Finally, applications are
made to some important specific models of combat between

two homogeneous forces with time-dependent attrition-

rate coefficients.
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1. Introduction

OLVER [12] has developed error bounds for the so-called
LIOUVILLE-GREENI) (LG) approximation [5, 10) to the solution of

the differential equation

o

X o J3(t)x. (1)

i

His results extended earlier work by BLUMENTHAL [l). The LG
approximation is of particular importance in applied mathematics
becauée it involves only elementary functions. As OLVER [12]
has pointed out, however, the development of strict upper bounds
for thé errors in the approximate solutions has received rela-
tively little attention. Moreover, the error bounds that have
been previously developed {12, 13) are for boundary-~value. prob-
lems, since most problems of interest in mathematical physics
are boundary-value problems. These error bounds do not apply
to initial-value problens.

Thus, the purpose of this paper is to develop error bounds
for the LG approximation to initial-value problems. Furthermore,
in recasting OLVER'S results in a form suitable for initial-value
problems, we have been able to sharpen his bounds for boundary-
value problems. Although we will develop our results within
the context of a specific problem in operations research, they
are clearly applicable to the general second order initial-value

problem, and it is a straightforward task to so recast them.

1)Also called the WKB approximation [13].
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Probably the most widely used (at least in the United

States) deterministic differential-equation model in operations

research [4,15-17] are LANCHESTER~type equations of warfarez),

e e

e
—

which are named for the pioneering 1914 work of F. W. LANCHESTER
(9]. In this paper we consider such a linear, variable-coeffi-
cient differential-equation model for combat between two homogene-

ous forces. This model yields an X force-level equation equiva-

Sl

lent to (1). Unfortunately, for even the simplest time-varying

attrition-rate coefficients of interest, the solutions cannot

in general be expressed in terms of either elementary functions

e T —

or tabulated higher transcendental functions [{17]. It is there-

fore natural to seek an approximation in terms of elementary

Ak )i

functions. Moreover, one is always interested in a simple
a priori'estimate for the error in the approiimate solution.
k In this paper we develop an errc~ hound that is both realistic

and easy to evaluate. This boi... is then computed for some

ko i o ol nncianc e

| particular attrition-rate coeffici‘.ats of interest.

2. Variable-Coefficient LANCHESTER~Type Equations of Modern
Warfare

We consider the following variable-coefficient LANCHESTER-

type equations of modern warfaxa3) for combat between two

homogeneous forces

b oo

Z)WQ will refer to any differential-equation model of combat as
being LANCHESTER-type equations. The state variables are
typically the force levels of the various weapon system types. ]

3)The term "of modern warfare" denotes that we are considering ]
i linear differential equations. There are other nonlinear types ;
] of LANCHESTER equations [4,16).

F
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dx/dt = -a(t)y, dy/dt = -b(t)x, (2)
with initial conditions

x(t=0) = x y(t=0) = Yo

0’
where t=0 denotes the time at which the battle begins, x(t)
and y(t) denote the numbers of X and Y at time t, and
a(t) and b(t) denote time-dependent LANCHESTER attrition-
rate coefficients. These equations (2) have been hypothesized
to model combat in which both sides use aimed fire and target

acquisition times are independent of the numbers of firers and

targets [2,19]. The attrition-rate coefficients represent the

effectiveness of each side's fire (i.e. its firepower). Temporal

variations in a side's fire effectiveness (caused by, for example,

changes in force separation, combatant postures, target acquisi-
tion rates, etc.) are modelled by the time-dependent attrition-
rate coefficients. Further discussions of the physical assump-
tions hypothesized to yield (2), estimation of the attrition-
rate coefficients, and the importance of (2) to military opera-
tions research are found in (16,17].

We assume that a(t) and b(t) are positive and twice
differentiable for tg<t<tm with tg < 0. We also assume
that a(t), b(t)EiL(to,T) for any finite T. We fﬁrther take
a(t) and b(t) to be given in the form a(t) = kag(t),

b(t) = kbh(t), where ka' kb are positive‘constants chosen so
that a(t)/b(t) = ka/kb when g(t) = h(t) for all t. We
introduce (see [17]) the intensity of combat 1I(t) and the

relative fire effectiveness R(t) defined by

I(t) = JYTa(t)b(t), and R(t) = a(t)/b(t). (3)

3

_m_—.-———-e——-_
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We similarly introduce the combat-intensity parameter AI and

the relative-fire-effectiveness parameter AR defined by

A, = vk kb' and AR = ka/kb. (4)

I a

A large class of tactical situations of interest can be
modelled with the following general power attrition-rate

coefficients [17])

a(t) =k (e+0)Y, and  b(t) = k (t+ca)V’ (3)

where A,C 2 0. We will call A the offset parameter, since it

allows us to model (with u,v=0) battles between weapon systems
with different maximum effective ranges. We will call C the

starting parameter, since it allows us to model (again, with

H,v=20) battles that begin within the minimum of the maximum
effective ranges of the two systems. The offset and starting
parameters are related to various physical quantities in [17].
We observe that t°=-C. Also, a(t), b(t) eL(to,T) implies
that u,v>-1.

From (2) we may obtain the X <force-level equation

2
g?:;- {ﬂlt—) g%} g%-a(t)b(t)x = 0, (6)

with initial conditions

x(t=0) = x and {ll/a(t)]dx/dt}t_0 = =¥p>

0'
We may consider that to = max(tg,tg), where tg denotes the
right-most finite singularity of the X force-level equation.

Furthermore, we set tO:-O if there are no finite singularities.
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3. LIOUVILLE-GREEN Approximation to IANCHESTER-Type Equations
of Modern Warfare

Let

t t
T = I /a(s)b(s) ds = I I(s)ds, (7)

to to
and denote T(t=0) as To° Then T 20 for t,=s0. From
a(t), b(t)s:L(to,T) it follows that 1 = t(t) is well defined
by the CAUCHY-SCHWARZ inequality for integrals. The transforma-
tion is also easily seen to be invertable. We observe that

T-1, is related to the average intensity of combat I(t) by

0

t
T=T) = {% IO I(s)ds}t = £I(t). (8)

We may call T-T, "the elapsed normalized battle time," since
the transformation (7) reparameterizes the battle's time scale
in terms of elapsed time of battle and average combat intensity
as (8) shows us. The substitution (7) transforms (6) into

2
x .1 & dx
a?-{i d—Tan(t)}E?-x= 0, (9)

with initial conditions

X(T’TO) = x0, and {[l/Rl/Z(t)]dX/dT}Tsfo = -Y0°

Remark 1: It is easily shown (see [17]) that (9) may be
transformed into a linear second order differential equation
with constant coefficients if and only if

X sud

Ty Eln R(t) = constant.

TR, T )
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Let R denote R(t=0). The substitution

0
x(1) = X(1) [R(t) /R;11/4, (10)
transforms (9) into LIOUVILLE'; normal form (see INCE [7] or .
KAMKE [8])
g%’f-- {1+F (1) }X = 0, (11)

with initial conditions

X(Tsro) = X,, and dX/dr(T=ro) = -yo/ﬁg-xoeo,

where
F(t) = P"(1)/P(1), P(1) = [R(t)]" 174, (12)
1 d
e(t) = m EE-ZD R, (13)

€ denotes ¢(t=0), and P'(t) denotes dP/dr.

Writing (11) as d2?X/d1?-X = F(1)X, we may use variation

of parameters to obtain the solution to (11) as

X(t) = xocosh(r-ro)-(y0/R0+xoeo)sinh(T-ro)
T
+ I F(o)sinh(t-0)X(o)do. (14)
T
0

4)

If one drops the integral term in (14), one obtains the

LIOUVILLE-GREEN approximation X(1)

4)Heuristically, if the appropriate fractional power of the relative
effectiveness R(t) is "slowly varying," then by (12) we would .
expect that |F(1)]|<<1l so that the integral term in (14) is
"negligible." Theorem 1 gives us bounds on how "negligible"
this term is.

R s
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(1) = x

‘; ocosh(T-To)"(Y0/§;+xo€0)81nh(1-10). (15)

E | ' which in terms of the original independent variable x reads

e

[ . x(t) = [N—t):ll/‘{x cosn (1-t,) - (y /R +x.€.)8inh(t-1,)}. (18}
- Ro 0 0 00 “0°0 0

We observe from (14) that F(t) 20 for all 1210 implies that
as long as x(t) 210' we have x(t) 2x(t). A similar statement

E holds for PF(t) <0. As we shall see below, such cases in which
F(t) is always =20 or =<0 are readily encountered in applica- 1

‘ tions.

——

4. Error Bounds for.the LIOUVILLE-GREEN Approximation

The main result of this paper is Theorem 1.

Theorem 1: Error bounds for the LIOUVILLE-GREEN approximation :

are given by

lx(t)-x(t)ISonJe(t) <xy K elt), (17)
where i
K. = 20(1+]e. |) +20 /&) i
J =1 for 1-i‘lﬁr<e and K, = 1+¢ +i‘l/§" (19)
X, 0" °0 I 0" x, 0
y y ’
J = II for -1--°-ﬁ<eo<1--2wi‘ and K.. = 2, (20)
0 xo. 0 II
J = III for ¢ <-1-y—°/R_ and K =]1-¢€ -y—°/n_>o (21)
2 0~ X 0 III 0 X 0 i

and




1/4 T
e(t) = [‘%—t—)] {exp(%j |F (0) |do)-1}sinh(t-1 ). (22)
3 0

The sign of the error is determined by the sign of F(1). As

long as x(t) 20, it follows that

F(1) 20 for all t20 implies that x(t) = x(t),

with the last inequality being reversed when F(t) <0.

Proof: Theorem 1 readily follows from Lemma 2, which is proven below.

5. Development of Error Bounds

Consider the following fundamental system of solutions

{x,,Xx,} to (11)
x (1) = {(1+h (D lexpl(-DF P (=11 for k= 1,2, (23
where hk(r) for k = 1,2 is to be chosen so that
hk(r=ro) = 0, and dhk/dr(r=ro) = 0. (24)

It follows that the solution to (11) may be expressed as

1 (T-To)
X(1) = 5{(xo(l-eo)-y°/§;)e [1+h1(r)]
-(T-To)

+ (xo(,1+e0)+y0/ig)e [1+h2(‘r)l}, (25)
: . _ 8o that
| A 1 (T=14)
X(1) = X(1) = 3{lx5(1-eg)-y,/R le hy (1)
1 =(t=14) n

+ [xo(1+eo)+y0{§;]e hz(r)}. (26) ;
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Substituting (23) into (11l), we find that hk(‘t) for k =1,2
must satisfy

d*hy k ., Wy

W‘ {=1) ZF-P(T)hk = F(T)p (27)

with initial conditions (24).

We may consider hk('t) for k = 1,2 to be an error term

for the LIOUVILLE-GREEN approximation. We next develop a bound

on its magnitude, which sharpens earlier results by OLVER (12].

Lemma 1: A bound on the magnitude of hi {t) for k =1,2 is
given by

T
. (1) Jexp (-1)*"D(r-1 )] sziexp(lj |F(0) |ag)-1}sinh(t=T,). (28)
k 0 2 - 0

0

Proof: For notational convenience, we develop the bounds for hl('r) and
hz('r) separately. Transposing the right-most term on the left-hand side of
(27) for k = 1, treating {1+h1(1’) }F(t) as a "forcing term," and inte-
grating' twice; we obtain the following VOLTERRA integral equation after a
further integration by parts

T
hl(T) = %f {1-e2‘°""}r(o){1+hl(o) }do. (29)

"o

Solving (29) in the usual manner by successive approximations, we obtain

o«
hl(‘\') = Z 'rn(r), . (30)
n=1

where 'ro(r) =1 and for n2>1

T
- i —a2{o=1)
T, () 2[ {1-e IF(o)T _, (0)do. (31)

"o

T ——

ok

TR
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-2(1-1_.)

Observing that {l-e2 (a-r)} <l-e for 0< o= 0<t, we find that
-2(1-1.)
< l-e .
I (0 = 3 |F(o) |do,
%
with equality holding for Tt = o A straight forward inductive argument
along the usual lines now yields
{1-0-2 (T-To)} 4 2
It (0} = I |F(a) |ao} . (32)
n n
2 n! T

One step in the inductive proof of (32) is deserving of further elaboration,
however. From (31) and (32) we obtain
T -2(0o=-1.) n
1 2(g-1) 0
lTn+1‘”|5Fi_"I {1-e }{l-e }Ir(o)l{r IF(u)Idu} do. (33)
2 nl TO To

The inductive proof of (32) is completed by combining (33) with the observa-

-2(0-10) -2(?-?0)

tion that {l-ez(a-”}{l-e }51-e for 0<T1 S0=<T. Our

(o)

sharpening of OLVER'S results is due to this observation. The remaining
steps in the proof of (28) for k = 1 follow along well-known lines ([12,13]
and will be omitted here. Similar arguments are used to prove (28) for

k=2,

Remark 2:' In our notation, OLVER's [12] corresponding

error bound for k=1 would read

T
Ih (0] <expG [ [Fio)|aor-1 . (34)
0

His corresponding error bound for k=2 is not directly

comparable to our result here, since he does not take

both errors zero at the same point.s)

5)In our notation for the finite or infinite interval (To,Tl),

OLVER [12,13]) takes hl(r-TO) = dhl/dr(rsro) = 0 and
hz(t-rl) = dhz/dt(r-rl) = 0 in contrast to (24). This is
what makes his results unsuitable for initial-value problems.

10
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Remark 3: Similar arguments may be used to develop a
bound on Ihl" ('r)l. For our applications this result is

not important,

e sl ialn ndio 4

Lemma 2: In terms of the transformed dependent variable X(1),

error bounds for the LIOUVILLE-GREEN approximation are given by

IX(T)—;((r)stOKJE(r) <x E(1),

o Xy

are given by (18) through (21), and

whére K and K

U J

T

E(t) = {exp(%J. IF(o)Ido)-l}sinh(r—ro).
T
0

Proof: From (26) and Lemma 1 we obtain
-a = - - /— /—
IX(T) X(T) | 5 {Ixo(l eo) Yo ROI + |x0(1+eo)+y° ROI}E('r).
It follows that a rather loose error bound is given by

Ix(r)-i(r)ls::oxuz(r).

Y Y
We observe that for -1-—o v’Ro< e_< 1--—2 YR, we have
xo 0 xo 0

|xo(1-eo)-y0/§a + |x0(1+co)+y0/§;l = 2x,.

(35)

(36)

(37)

(38)

(39)

so that (37) becomes Ix(r)-i(r)lszxot:(r). Thus, (35) is proven for J = II.

Y

For 1- ;0_ v’R_o-s co, the error bound (37) becomes
0

. Y
|x()=x(1) | < 2%, (e, +;§- RYE(1),

since

Y
- - - _.Q
Ixo(l eo) yov'Rol + |xo(1+eo)+yo/n':| 2xo(eo+xo /Ro) .

11

(40)

(41)

§
3
v
|
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The error bound (40) may be sharpened, however, as follows. If F(o)20 for
0<105051, then as long as X(t)Z0 we have X(T) 2 X(7) and gk('r)ao,

where for k = 1,2

g (1) = 3h (1) expl (-1 (x-1)1. (42)
Yo
It follows from (26) that for 1l-—= /R =g
xo 0 0
0= X(T) - X(1) = {x, (1+c,) +yov’§;}3+(‘r) ! (43)
where
1 T
E (1) = {exp(EI F(0)do) - 1}sinh(t-1,). (44)
T
0

Similarly, if F(0) =0 for 10505 T, then as long as X(7)20 we have

X(7) SX(t) and g, (t) =0, so that

02 X(1) = X(1) 2 {x; (1+c ) +y VR }E_(1), (45)
where
A
E_(7) = {l-exp(-if P(o)do)}sinh('r-‘ro). (46)
T
0

It follows from (43) and (4S) that

p b4
[x(1) - (D) | = xo{1+eo+-—° RIE(T). (47)
xo 0 .
Yo Yo — Yo —
Furthermore, since eozl--—— /R implies that 2(¢ . +— VR )21l+¢ +— YR,
xo 0 0 xo 0 0 xo 0

the bound given by (47) is sharper than that given by (40). Thus, (35) is
proven for J = I. The proof of (35) for J = III is similar to that for

J = II, It is easily seen that KJ<K for xo,yo> 0.

U
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6. Examples

We now compute theoretical error bounds for two special

cases of the LIOUVILLE-GREEN approximation to the solution of

(6) with the general power attrition-rate coefficients (5):

; (I) power attrition-rate coefficients with no offset (i.e. A=0), F

? and (II) linear attrition-rate coefficients with positive offset ‘
(i.e. A>0).

6.1. Power Attrition-Rate Coefficients with No Offset J'

i In this case we have

a(t) = k, (t+Q)¥, and b(t) = k (t+C)", (48) |

. with €>0 and u,v>-1l. The LIOUVILLE-GREEN approximation to

the X force level is

x(t) = (1+t/C) (u-v)/4{x0 cosh (r-ro)

! m x,(u=v) _
i - lyy /A clu “’/2-+-91X-- c 61sinh(r-ro)}. (49)
} I
where ;
) 1= (l/G)AI(t+C)6, (50) |
j e
* § = (ptvt2) /2. (51)

In preparation for estimating the error in the LIOUVILLE- &

GREEN approximation (49) by Theorem 1, we compute

(u-V)(gu+v+4) . (52)
16871

F(t) =

13

e R b et e i e e e e L v e r— . ; A
(oo s S s L gt e o s R — i T




Thus, F(1) 20 for all TZT°>0 if and only if p2v. Hence,

as noted at the end of Section 3, one frequently encounters in

applications cases in which F(t) always has the same sign.

For the error estimate (17), we then have 3

] T al - -
: 3 f IF (o) |do = 1Y {:g*“*"{c S_(e+c) %), (53)
T

0

Remark 4: The exact solution x(t) to (6) with attrition-

S T L E it S

rate coefficients (48) is given in TAYLOR and BROWN [17] (see

e

also [16]). It may be expressed in terms of modified Bessel
functions of the first kind of (for u,v>-1l) fractional order,

i.e. Iu for 0<a<l. Since few of the latter are tabulated

NS i

(i.e. tabulations only exist for a = *1/4,%1/3,%*1/2,%2/3,

*3/4, and these do correspond to cases of interest), TAYLOR

and BROWN [17] suggested the use of new transcendents which

they called LANCHESTER-CLIFFORD-SCHLAFLI functions®’ .

o4

6.2, Linear Attrition-Rate Coefficients with Positive
Offset

a(t) = ka(t+C), and b(t) = kb(t+c+A), (54)

with A,C> 0. The LIOUVILLE-GREEN approximation to the X force

level is

6) after earlier work by W. K. CLIFFORD (3] and L. SCHLAFLI [14)

(see also [6,18]).

14




) 1/4
x(t) = [ﬁ%{%-)-}-] {xo cosh (r-ro)

yov’r A/C
+ 373 sinh(r-ro)}, (55)
/I+A7 4A C (1+A/C) /
where
2
t(t) = 3 AL (WATT - tn (p+/FTD) ), (56)
and
Y(t) = 1+ 2(t+C)/A. (57)

For estimating the error in the LIOUVILLE-GREEN approxi-
mation (55), it is more convenient to express F(t) as defined

by (12) in terms of the original independent variable t. We

compute that7)

F(1) = —AL12(t+C) +7A} (58)

16A§(t+c)3(t+c+ai5

It follows that F(1) >0 for all T21,> 0. Thus, as in the
previous example, F(t) always has the same sign. For the

error estimate (17), we then have

T
0si [ F(o)do = min(m, (£) ,m,(t)), (59)
T
0
where
3A 1/2) , TA(,_ 3/2
m,(t) = {4(1-q (1-g77“)}, (60)
1 16C (1+A/c)577-_ Tic
A
m,(t) = {4(1-q ) + 1A(1-q )}. - (61)
. 32072 e
7)

In general
dR}

. - 1 =
F(t) m-a— { znb(t) a—an(t)+a—ln
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and

qg(t) = 1/(1+t/C). (62)

It may be shown that ml(tl) = mz(tl) implies that ml(t) >m2(t)

for all t >t,. The error control term estimate ml(t) was

developed for "small" ta), while mz(t) for "large" 'tg).
Remark 5: This case is of particular interest in military
operations research, since it may be used to study combat
between two weapon systems with different maximum effective
ranges [16). The exact solution x(t) to (6) with attrition-
rate coefficients (54) is given in [17] (see also [16]}). It
apparently cannot be expressed in terms of previously "known"
transcendents, since the X force-level equation in this case
could not be found to correspond to any second order linear

equation considered in [8] or [1ll1].

7. Final Remarks

Although given within the context of a specific¢ problem
in opérations regsearch, the reader will have no trouble trans-

lating the above results into those for the general second order

t T
8) {12(s+C)+7A})ds ;
Letting J = I we find that f F(o)do =
0 (s+C) /2 (g4cn) /2 T,
t
I%%—. Here we have used the bound J = 1 f f12(8f91215}ds.
I (C+A) 0 (s+C)"'*

9)In this case (to be contrasted with the previous one), we aave

* {12(s+C)+7Alds
0 (s+C)

used the bound J SI
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initial-value problem. In the examples of Section 6 we saw

that for two models of considerable importance in military opera-
tions research both the LIOUVILLE-GREEN approximation and bounds
on its error were simply expressed in terms of elementary func-
tions. No previous application of the LIOUVILLE-GREEN approxi-
mation has appeared in the 6perations regsearch literature. 1In

a subsequent paper we plan to present a numerical investigation 1

of the accuracy (both numerical eveluation of the theoretical
error bounds and a comparison with the exact solution when
available) of the LIOUVILLE-GREEN approximation to the solution
of LANCHESTER-type equations of modern warfare for combat between

two homogeneous forces.

Acknowledgments

The author would like to thank Professor C. COMSTOCK for
his interest in this work, his helpful ideas, and continued
encouragement. This research was supported by the Office of
Naval Research of the United States Navy as part of the Founda-

tion Research Program at the Naval Postgraduate School.

17




References

1. BLUMENTHAL, O., Uber asymptotische Integration linear
Differentialgleichungen, mit Anwendung auf eine asymptotische
Theorie der Kugelfunktionen, Archiv Math. 19, 136-174 (1912).

2. BRACKNEY, H., The Dynamics of Military Combat, Operations
Research 7, 30-44 (1959).

3. CLIFFORD, W. K., Mathematical Papers, Macmillan and Co.,
London 1882, pp. 346-348 (reprinted by Chelsea Publishing
Co., New York 1968).

4. DOLANSKY, L., Present State of the Lanchester Theory of
Combat, Operations Research 12, 344-358 (1964).

S. GREEN, G., On the Motion of Waves in a Variable Canal of
Small Depth and Width, Trans. Camb. Phil. Soc. 6, 457-462
(1837) (also pp. 223-230 in Mathematical Papers of the late
George Green, London 1871 (reprinted by Chelsea Publishing
Co., New York 1970)).

6. GREENHILL, G., The Bessel-Clifford Function and Its Appli-
cations, Phil. Mag., Series 6 38, 501-528 (1919).

7. INCE, E., Ordinary Differential Equations, Longmans, Green
and Co., London 1927, p. 271 (reprinted by Dover Publica-
tions, Inc., New York 1956).

8. KAMKE, E., Differentialgleichungen, L&sungsmethoden und
Ldsungen, Band 1, GewdShnliche Differentialgleichungen, 3.
Auflage, Akademische Verlagsgesellschaft, Leipsig 1944,

S. 261 (reprinted by Chelsea Publishing Co., New York 1971).

9. LANCHESTER, F. W., Aircraft in Warfare: The Dawn of the
Fourth Arm- No. V., The Principle of Concentration,
Engineering 98, 422-423 (1914) (reprlnted on pp. 2138-2148
of The World of Mathematics, Vol. IV, C. Newman (Editor),
Simon and Schuster, Inc., New York 1956).

10. LIOUVILLE, J., Second mémoire sur le développment des
fonctions ou parties de fonctions en séries dont les divers
termes sont assujettis A satisfaire a une méme équation
differentielle du second ordre, contenant un paramétre
variable, Journa' de Math. pures et appliquées (1] 2,
16-35 (1837). )

11. MURPHY, G., Ordinary Differential Equations and Their Solu-

tions, Van Nostrand Reinhold Co., New York/Cincinnati/
Toronto/London/Melbourne 1960.

18




:

12.

13.

14.

15

16.

17.

18.

19.

OLVER, F. W. J., Error Bounds for the Liouville-Green (or
WKB) Approximation, Proc. Cambridge Philos. Soc. 57,
790-810 (1961).

OLVER, F. W. J., Asymptotics and Special Functions, Academic
Press, Inc., New York/London 1974, p. 191 and also p. 228.

SCHLAFLI, L., Sulle relazioni tra diversi integrali definiti
che giovano ad esprimere la soluzione generale della equazione
de Riccati, Ann. Mat. pura appl. [2] 1, 232-242 (1867/68)
(also pp. 85-94 in Gesammelte Mathematische Abhandlungen,

Band III, Verlag Birkhduser, Basel 1956).

TAYLOR, J. G., Lanchester-Type Models of Warfare and Optimal
Control, Naval Res. Log. Quart. 21, 79-106 (1974).

TAYLOR, J. G., Solving Lanchester-Type Equations for 'Modern
Warfare' with Variable Coefficients, Operations Research 22,
756-770 (1974).

TAYLOR, J. G. and BROWN, G. G., Canonical Methods in the
Solution of Variable-Coefficient Lanchester-Type Equations
of Modern Warfare, Operations Research 24, 44-69 (1976).

WATSON, G. N., A Treatise on the Theory of Bessel Functions,
Second Edition, Cambridge University Press, Cambridge 1944,
p. 91.

WEISS, H. K., Lanchester-Type Models of Warfare. In: Davies,
M.; Eddison, R. T.; and Page, T. (E4d.), Proc. First Int.

Conf. on Operational Research, Oxford 2-6.8.57. Baltimore:
Operations Research Society of America 1957, pp. 82-98.

19







